We present the new exact upper bounds on the maximal Bell violation for the generalized N -qubit GHZ state, the N -qudit GHZ state and, in general, for an arbitrary N -partite quantum state, possibly infinite-dimensional. Our results indicate that, for an N -partite quantum state of any Hilbert space dimension, violation of any Bell-type inequality (either on correlation functions or on joint probabilities) with S settings and any number of outcomes at each site cannot exceed (2S − 1) N −1 .
Introduction
Multipartite Bell-type inequalities 1 are now widely used in many schemes of quantum information processing. However, the exact upper bounds on quantum Bell violations are well known only in case of bipartite correlation Bell-type inequalities where, independently on a Hilbert space dimension of a bipartite quantum state and numbers of measurement settings per site, quantum violations cannot exceed [2, 3] the Grothendieck constant.
Bounds on violation by a bipartite quantum state of Bell-type inequalities for joint probabilities have been recently intensively discussed in the literature both computationally [4] and theoretically, see [5, 6, 7] and references therein.
For an arbitrary N -partite quantum state, the exact upper bounds on the maximal quantum Bell violation have not been reported in the literature but it has been argued in [5] that, via increasing of a Hilbert space dimension of some tripartite quantum states, these states "can lead to arbitrarily large violations of Bell inequalities" 2 .
In this concise presentation on our results in [8] [9] [10] , we present the exact upper bounds on violation by N -partite quantum states of any Bell-type inequality, either on correlation functions or on joint probabilities. Specified for N = 2, 3, our new general results improve the bipartite upper bounds reported in [6, 7] and also clarify the range of applicability of the tripartite lower estimate found in [5] .
In this section, we shortly introduce some new tensor Hilbert space notions [8] [9] [10] needed for our further consideration.
Source operators. For a state ρ on a complex separable Hilbert space
any of its self-adjoint trace class dilations to space H
We refer to dilation T 
Tensor positivity. We refer to a trace class operator W on a Hilbert space space G 1 ⊗ · · · ⊗ G m , m ≥ 1 as tensor positive and denote this by W
for any positive bounded linear operators X 1 , ..., X m on spaces G 1 , .., G m , respectively.
The covering norm. For a self-adjoint trace class operator W on G 1 ⊗ · · · ⊗ G m , we call a tensor positive trace class operator W cov on G 1 ⊗ · · · ⊗ G m satisfying relations
as a trace class covering of W. 
3 LqHV simulation of a quantum correlation scenario For a state ρ on H 1 ⊗ · · · ⊗ H N , consider an N -partite correlation scenario 4 E ρ where each n-th of N parties performs S n measurements with outcomes 5 λ n ∈ Λ n := {λ
3 Here, TG 1 ⊗···⊗Gm and T (sa) G 1 ⊗···⊗Gm denote, correspondingly, the space of all trace class operators and the space of all self-adjoint trace class operators on G1 ⊗ · · · ⊗ Gm. 4 On the general framework for the probabilistic description of multipartite correlation scenarios, see [8] . 5 For simplicity, we consider here only discrete outcomes. This does not, however, imply any restriction on our main results since, as it has been proved in [10] , the latter hold for outcomes of any spectral type, discrete or continuous.
We label each measurement at n-th site by a positive integer s n = 1, ..., S n , and each of N -partite joint measurements, induced by this correlation scenario -by an N -tuple (s 1 , ..., s N ) where n-th component refers to a marginal measurement at n-th site.
Let, under the correlation scenario E ρ , each quantum measurement s n at n-th site be represented on H n by a POV measure M (sn) n . For a joint measurement (s 1 , ..., s N ) under scenario E ρ , expression
specifies the joint probability P (Eρ)
n (Λ n ) = I Hn , each probability (5) constitutes the corresponding marginal of the normalized real-valued distribution
This implies.
Theorem 1 [10] For every N -partite quantum state ρ and any positive integers
where ν Eρ is a normalized bounded real-valued 7 measure of some variables ω ∈ Ω and P (sn) n (· | ω), ∀s n , ∀n, are conditional probabilities.
Thus, an arbitrary N -partite state ρ does not need to admit an S 1 × · · · × S N -setting LHV description [8] but it necessarily admits an S 1 × · · · × S N -setting LqHV description.
Bell-type inequalities
For a general S 1 × ... × S N -setting correlation scenario E, consider a linear combination
6 See in section 2. 7 Recall that, in an LHV model, measure νE ρ must be positive.
of averages s 1 ,...,s N ) (λ 1 , . .., λ N ), specified by a family {ψ (s 1 ,...,s N ) } of bounded real-valued functions on set Λ := Λ 1 × · · · × Λ N . For a particular choice of functions {ψ (s 1 ,...,s N ) }, averages in (9) may reduce either to joint probabilities or to correlation functions.
In an LHV case, any linear combination (8) of averages satisfies the following tight 8 LHV constraints [1] :
with the LHV constants
The general LHV constraint form (10) incorporates as particular cases both -the LHV constraints on correlation functions and the LHV constraints on joint probabilities.
A Bell-type inequality is any of the tight linear LHV constraints (10) that may be violated in a non-LHV case.
Quantum violations
For an arbitrary S 1 × · · · × S N -setting quantum scenario E ρ specified by joint probabilities (5), every linear combination (8) of its averages satisfies the following analogs [10] of the LHV constraints (10):
where
8 A tight LHV constraint is not necessarily extreme, see [1] for details.
is the maximal violation by state ρ of any Bell-type inequality (either on correlation functions or on joint probabilities) specified for settings up to setting S 1 × · · · × S N and outcomes in set Λ = Λ 1 × · · · × Λ N . In (13),
For short, we further refer to parameter Υ (ρ,Λ) S 1 ×···×S N as the maximal S 1 × · · · × S N -setting Bell violation for state ρ and outcomes in Λ.
Using the new Hilbert space notions specified in section 2, we have the following general statements.
Theorem 2 [10] For an arbitrary N -partite quantum state ρ, possibly infinite-dimensional, and any positive integers S 1 , ..., S N ≥ 1, the maximal 
Numerical bounds
The general analytical upper bound (15) allows us to find [10] the following new exact numerical bounds on the maximal quantum Bell violations.
• For the two-qubit singlet ρ singlet , the maximal Bell violation
for any outcome set Λ = Λ 1 × Λ 2 , in particular, for any number of outcomes at each site. Note that, due to the seminal results of Tsirelson 9 and Fine 10 , the maximal Bell violation Υ (ρ,Λ) 2×2 ≤ √ 2, for any bipartite state ρ and any outcome set Λ = {λ
2 } (dichotomic measurements). The maximal violation by the singlet of any correlation Bell-type inequality is given [3] by the Grothendieck constant √ 2 ≤ K G (3) ≤ 1.5163... . • For the N -qudit GHZ state
violation of any Bell-type inequality for S settings and any number of outcomes per site cannot exceed
• For the generalized N -qubit GHZ state
violation of any Bell-type inequality for S settings and any number of outcomes per site is upper bounded by
• For an arbitrary state ρ on C d 1 ⊗ · · · ⊗ C d N , the maximal Bell violation in case of S n settings and any number of outcomes at each n-th site is upper bounded by
If S 1 = . . . = S N = S, then the maximal Bell violation cannot exceed
From this N -partite bound it follows that violation by an arbitrary N -partite quantum state, possibly infinite-dimensional, of any Bell inequality for S measurement settings and any number of outcomes per site cannot exceed (2S − 1) N −1 .
Bipartite and tripartite bounds
For N = 2, the general upper bound (21) implies the following bipartite upper bound [10] on the maximal Bell violation
for any quantum state ρ on C d 1 ⊗ C d 2 and any outcome set Λ = Λ 1 × Λ 2 . This new bipartite upper bound improves:
, ∀L 1 , L 2 , the corresponding numerical upper bounds on the maximal Bell violation (in our notation):
(ii) Υ
found in [6] for any bipartite quantum state ρ and L 1 , L 2 outcomes at Alice's and Bob's sites. Here,
676..., 1.782...] is the Grothendieck constant;
• the approximate bipartite estimate
derived in [7] up to an unknown universal constant for any bipartite state ρ on
For N = 3, the general upper bound (22) implies the following tripartite upper bound [10] on the maximal Bell violation:
for any tripartite state ρ on
From (26) it follows -the approximate lower estimate √ d found in [5] for violation of some correlation Bell-type inequality by some tripartite state on 
Conclusions
Via some new Hilbert space notions and a new simulation approach, the LqHV approach, to the description of any quantum correlation scenario, we have derived the analytical upper bound (15) on the maximal Bell violation by an N -partite quantum state. This has allowed us:
• to single out N -partite quantum states admitting an S 1 × · · · × S N -setting LHV description;
• to find the new numerical upper bounds on Bell violations for some concrete N -partite states generally used in quantum information processing;
• to prove that violation by an arbitrary N -partite quantum state, possibly infinitedimensional, of any Bell inequality (either on correlation functions or on joint probabilities) for S measurement settings and any number of outcomes per site cannot exceed (2S − 1) N −1 ;
• to improve the bipartite upper bounds reported in [6, 7] ;
• to show that, for an "arbitrarily large" tripartite quantum Bell violation argued in [5] to be reached, not only a Hilbert space dimension d but also a number S of settings per site in the corresponding tripartite Bell-type inequality must be large and the required growth of S with respect to d is given by (28).
